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Abstract
The aim of this paper is to generalise the construction of n-ary Hom-Lie bracket by
means of an (n−2)-cochain of given Hom-Lie algebra to super case inducing a n-Hom-
Lie superalgebras. We study the notion of generalized derivation and Rota-Baxter
operators of n-ary Hom-Nambu and n-Hom-Lie superalgebras and their relation with
generalized derivation and Rota-Baxter operators of Hom-Lie superalgebras. We also
introduce the notion of 3-Hom-pre-Lie superalgebras which is the generalization of
3-Hom-pre-Lie algebras.
Introduction
Hom-Lie algebras and more general quasi-Hom-Lie algebras were introduced first by Hartwig,
Larsson and Silvestrov in [48], where the general quasi-deformations and discretizations of
Lie algebras of vector fields using more general σ-derivations (twisted derivations) and a gen-
eral method for construction of deformations of Witt and Virasoro type algebras based on
twisted derivations have been developed. The general quasi-Lie algebras and the subclasses
of quasi-Hom-Lie algebras and Hom-Lie algebras and their more general color Hom-algebra
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counterparts as well as corresponding general quasi-Leibniz algebras, and thus also Hom-
Leibniz algebras in context of Hom-Lie algebras, have been introduced in [48, 60–62, 82].
In [70], the Hom-associative algebras have been introduced and shown to be Hom-Lie ad-
missible, in the usual sense of leading to Hom-Lie algebras using commutator map as new
product, thus constituting a natural generalization of associative algebras known to be Lie
admissible algebras in the same sense of yielding Lie algebras using the commutator product.
Moreover, in [70], more general G-Hom-associative algebras including Hom-associative al-
gebras, Hom-Vinberg algebras (Hom-left symmetric algebras), Hom-pre-Lie algebras (Hom-
right symmetric algebras) and some other Hom-algebra structures, were introduced and
shown to be Hom-Lie admissible. Also, flexible Hom-algebras have been introduced and
some connections to some Hom-algebra generalizations of derivations and of adjoint maps
have been noticed, and the variety of n-dimensional Hom-Lie algebras have been considered
and some classes of low-dimensional Hom-Lie algebras have been described. Since the pi-
oneering works [48, 59–63, 70, 77, 81], Hom-algebra structures have developed in a popular
broad area with increasing number of publications in various directions. In Hom-algebra
structures, defining algebra identities are twisted by linear maps. Hom-algebra structures
of a given type include their classical counterparts and open more possibilities for deforma-
tions, Hom-algebra extensions of cohomological structures and representations, formal de-
formations of Hom-associative and Hom-Lie algebras, Hom-Lie admissible Hom-coalgebras,
Hom-coalgebras, Hom-Hopf algebras [9, 35, 60, 71–73, 80, 88, 89].
The n-Lie algebras found their applications in many fields of Mathematics and Physics.
Ternary Lie algebras appeared first in Nambu generalization of Hamiltonian mechanics [75]
using ternary bracket generalization of Poisson algebras. The algebraic foundations of Nambu
mechanics and foundations of the theory of Nambu-Poisson manifolds have been developed
in the works of Takhtajan and Daletskii in [40, 83, 84]. Filippov, in [42] introduced n-Lie
algebras. Further properties, classification, and connections to other structures such as bial-
gebras, Yang-Baxter equation and Manin triples for 3-Lie algebras of n-ary algebras were
studied in [19–28, 49]. Hom-algebra generalization of n-ary algebras, such as n-Hom-Lie
algebras and other n-ary Hom algebras of Lie type and associative type, were introduced
in [17], by twisting the defining identities using a set of linear maps. A way to generate ex-
amples of such n-ary Hom-algebras from n-ary algebras of the same type has been described.
Representations and cohomology of n-ary multiplicative Hom-Nambu-Lie algebras have been
considered in [10]. Further properties, construction methods, examples, cohomology and cen-
tral extensions of n-ary Hom-algebras have been considered in [14–16, 55, 56, 89–92]. These
generalizations include n-ary Hom-algebra structures generalizing the n-ary algebras of Lie
type including n-ary Nambu algebras, n-ary Nambu-Lie algebras and n-ary Lie algebras,
and n-ary algebras of associative type including n-ary totally associative and n-ary partially
associative algebras.
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The construction of (n + 1)-Lie algebras induced by n-Lie algebras using combination of
bracket multiplication with a trace, motivated by the work of Awata et al. [18] on the quanti-
zation of the Nambu brackets, was generalized using the brackets of general Hom-Lie algebra
or n-Hom-Lie algebra and trace-like linear forms satisfying some conditions depending on the
linear maps defining the Hom-Lie or n-Hom-Lie algebras in [15, 16]. The structure of 3-Lie
algebras induced by Lie algebras, classification of 3-Lie algebras and application to construc-
tions of B.R.S. algebras have been considered in [4,5,7]. Interesting constructions of ternary
Lie superalgebras in connection to superspace extension of Nambu-Hamilton equation is con-
sidered in [8]. In [33], a method was demonstrated of how to construct n-ary multiplications
from the binary multiplication of a Hom-Lie algebra and a (n− 2)-linear function satisfying
certain compatibility conditions. Solvability and Nilpotency for n-Hom-Lie Algebras and
(n + 1)-Hom-Lie Algebras Induced by n-Hom-Lie Algebras have been considered in [58].
In [37], Leibniz n-algebras have been studied. The general cohomology theory for n-Lie
algebras and Leibniz n-algebras was established in [79]. The structure and classification of
finite-dimensional n-Lie algebras were considered in [66] and many other authors. For more
details of the theory and applications of n-Lie algebras, see [41] and references therein.
Derivations and generalized derivations of different algebraic structures are an important
subject of study in algebra and diverse areas. They appear in many fields of Mathematics and
Physics. In particular, they appear in representation theory and cohomology theory among
other areas. They have various applications relating algebra to geometry and allow the
construction of new algebraic structures. There are many generalizations of derivations. For
example, Leibniz derivations [50] and δ-derivations of prime Lie and Malcev algebras [43–45].
The properties and structure of generalized derivations algebras of a Lie algebra and their
subalgebras and quasi-derivation algebras were systematically studied in [65], where it was
proved for example that the quasi-derivation algebra of a Lie algebra can be embedded into
the derivation algebra of a larger Lie algebra. Derivations and generalized derivations of
n-ary algebras were considered in [76, 86] and it was demonstrated substantial differences
in structures and properties of derivations on Lie algebras and on n-ary Lie algebras for
n > 2. Generalized derivations of Lie superalgebras have been considered in [87]. Generalized
derivations of Lie color algebras and n-ary (color) algebras have been studied in [38,51–54].
Generalized derivations of Lie triple systems have been considered in [39]. Generalized
derivations of various kinds can be viewed as a generalization of δ-derivation. Quasi-Hom-
Lie and Hom-Lie structures for σ-derivations and (σ, τ)-derivations have been considered
in [46, 48, 63, 77, 78]. Graded q-differential algebra and applications to semi-commutative
Galois Extensions and Reduced Quantum Plane and q-connection was studied in [2, 3, 6].
Generalized N -complexes coming from twisted derivations where considered in [64].
Generalizations of derivations in connection with extensions and enveloping algebras of
Hom-Lie color algebras have been considered in [12, 13, 31]. Generalized derivations of mul-
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tiplicative n-ary Hom-Ω color algebras have been studied in [36]. Derivations, L-modules,
L-comodules and Hom-Lie quasi-bialgebras have been considered in [29, 30]. In [57], con-
structions of n-ary generalizations of BiHom-Lie algebras and BiHom-associative algebras
have been considered. Generalized Derivations of n-BiHom-Lie algebras have been studied
in [34]. Color Hom-algebra structures associated to Rota-Baxter operators have been con-
sidered in context of Hom-dendriform color algebras in [32]. Rota-Baxter bisystems and co-
variant bialgebras, Rota-Baxter cosystems, coquasitriangular mixed bialgebras, coassociative
Yang-Baxter pairs, coassociative Yang-Baxter equation and generalizations of Rota-Baxter
systems and algebras, curved O-operator systems and their connections with (tri)dendriform
systems and pre-Lie algebras have been considered in [67–69]. Generalisations of derivations
are important for Hom-Gerstenhaber algebras, Hom-Lie algebroids and Hom-Lie-Rinehart
algebras and Hom-Poisson homology [74].
This paper is organized as follows. In Section 1 we review basic concepts of Hom-Lie,
n-ary Hom-Nambu superalgebras and n-Hom-Lie algebras. We also recall some examples
and classification of Hom-Lie superalgebras of dimension two. We recall the definition of
generalized derivations of n-Hom-Lie superalgebras and n-ary Hom-Nambu superalgebras.
In Section 2 we provide a construction procedure of n-Hom-Lie superalgebras starting from a
binary bracket of a Hom-Lie superalgebra and multilinear form satisfying certain conditions.
To this end, we give the relation between generalized derivations of Hom-Lie superalgebra
and generalized derivations n-Hom-Lie algebras. In Section 3, we provide a construction for
n-ary Hom-Nambu algebra using Hom-Lie algebra. In Section 4 the notion of Rota-Baxter
operators of n-ary Hom-Nambu superalgebras are introduced and some results obtained.
Finally, we give the definition of 3-Hom-pre-Lie superalgebras generalizing 3-Hom-pre-Lie
algebras in graded case.
1 Preliminaries on n-ary Hom-Lie algebras and Hom-
Lie superalgebras
Throughout this paper, we will for simplicity of exposition assume that K is an algebraically
closed field of characteristic zero, even though for most of the general definitions and results
in the paper this assumption is not essential.
Let V = V0⊕V1 be a finite-dimensional Z2-graded linear space. Let H(g) = V0∪V1 denote
the set of homogeneous elements of g. If v ∈ V is a homogenous element, then its degree
will be denoted by |v|, where |v| ∈ Z2 and Z2 = {0, 1}. Let End(V ) be the Z2-graded linear
space of endomorphisms of a Z2-graded linear space V = V0 ⊕ V1 . The composition of two
endomorphisms a ◦ b determines the structure of superalgebra in End(V ), and the graded
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binary commutator [a, b] = a ◦ b − (−1)|a||b|b ◦ a induces the structure of Lie superalgebras
in End(V ).
1.1 Definitions and Notations
Definition 1.1. AHom-Lie superalgebra is a Z2-graded linear space g = g0⊕g1 over a fieldK
equipped with an even bilinear map [·, ·] : g×g→ g, (meaning that [gi, gj] ⊂ gi+j , ∀i, j ∈ Z2)
and an even linear map α : g→ g (meaning that α(gi) ⊆ gi, ∀i ∈ Z2).
[x, y] = −(−1)|x||y|[y, x] (super-skew-symmetry)
	x,y,z (−1)
|x||z|[α(x), [y, z]] = 0 (super-Hom-Jacobi identity)
for all x, y, z ∈ H(g), where 	x,y,z denotes summation over the cyclic permutations of x, y, z.
Definition 1.2. A Hom-Lie superalgebra (g, [·, ·], α) is called multiplicative if α([x, y]) =
[α(x), α(y)] for all x, y ∈ g.
For any x ∈ g, define adx ∈ EndK(g) by adx(y) = [x, y], for any y ∈ g. Then the
super-Hom-Jacobi identity can be written as
ad[x,y](α(z)) = adα(x) ◦ ady(z)− (−1)
|x||y|adα(y) ◦ adx(z) (1)
for all x, y, z ∈ H(g).
Remark 1.3. An ordinary Lie superalgebra is a Hom-Lie superalgebra when α = id.
Example 1.4 ( [1]). Let A be the complex superalgebra A = A0 ⊕A1 where A0 = C[t, t
−1]
is the Laurent polynomials in one variable and A1 = θC[t, t−1], where θ is the Grassman
variable (θ2 = 0). We assume that t and θ commute. The generators of A are of the form
tn and θtn for n ∈ Z. For q ∈ C\{0, 1} and n ∈ N, we set {n} = 1−q
n
1−q
, a q-number. The
q-numbers have the following properties
{n+ 1} = 1 + q{n} = {n}+ qn and {n+m} = {n}+ qn{m}.
Let Aq be a superspace with basis {Lm, Im|m ∈ Z} of parity 0 and {Gm, Tm|m ∈ Z} of
parity 1, where Lm = −t
mD, Im = −t
m, Gm = −θt
mD, Tm = −θt
m and D is a q-derivation
on A such that
D(tm) = {m}tm, D(θtm) = {m+ 1}θtm.
We define the bracket [·, ·]q : Aq × Aq → Aq, with respect the super-skew-symmetry for
n,m ∈ Z by
[Lm, Ln]q = ({m} − {n})Lm+n, (2)
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[Lm, In]q = −{n}Im+n, (3)
[Lm, Gn]q = ({m} − {n+ 1})Gm+n, (4)
[Im, Gn]q = {m}Tm+n, (5)
[Lm, Tn]q = −{n + 1}Tm+n, (6)
[Im, In]q = [Im, Tn]q = [Tm, Gn]q = [Tm, Tn]q = [Gm, Gn]q = 0. (7)
Let αq be an even linear map on Aq defined on the generators by
αq(Ln) = (1 + q
n)Ln, αq(In) = (1 + q
n)In,
αq(Tn) = (1 + q
n+1)Gn, αq(Tn) = (1 + q
n+1)Tn.
The triple (Aq, [·, ·]q, αq) is a Hom-Lie superalgebra, called q-deformed Heisenberg-Virasoro
superalgebra of Hom-type.
Example 1.5. In [11], the authors construct an example of Hom-Lie superalgebra, which is
not a Lie superalgebra starting from the orthosymplectic Lie superalgebra. We consider in
the sequel the matrix realization of this Lie superalgebra.
Let osp(1, 2) = V0 ⊕ V1 be the Lie superalgebra where V0 is generated by:
H =

 1 0 00 0 0
0 0 −1

 , X =

 0 0 10 0 0
0 0 0

 , Y =

 0 0 00 0 0
1 0 0

 ,
and V1 is generated by
F =

 0 0 01 0 0
0 1 0

 , G =

 0 1 00 0 −1
0 0 0

 .
Those of the defining relations that have nonzero elements in the right-hand side are
[H,X ] = 2X, [H, Y ] = −2Y, [X, Y ] = H,
[Y,G] = F, [X,F ] = G, [H,F ] = −F, [H,G] = G,
[G,F ] = H, [G,G] = −2X, [F, F ] = 2Y.
Let λ ∈ R∗, we consider the linear map αλ : osp(1, 2)→ osp(1, 2) defined by:
αλ(X) = λ
2X, αλ(Y ) =
1
λ2
Y, αλ(H) = H,
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αλ(F ) =
1
λ
F, αλ(G) = λG.
We provide a family of Hom-Lie superalgebras osp(1, 2)λ = (osp(1, 2), [·, ·]αλ, αλ), where the
Hom-Lie superalgebra bracket [·, ·]αλ on the basis elements is given, for λ 6= 0, by:
[H,X ]αλ = 2λ
2X, [H, Y ]αλ = −
2
λ2
Y, [X, Y ]αλ = H,
[Y,G]αλ =
1
λ
F, [X,F ]αλ = λG, [H,F ]αλ = −
1
λ
F, [H,G]αλ = λG,
[G,F ]αλ = H, [G,G]αλ = −2λ
2X, [F, F ]αλ =
2
λ2
Y.
These Hom-Lie superalgebras are not Lie superalgebras for λ 6= 1.
Theorem 1.6 ( [85]). Every 2-dimensional multiplicative Hom-Lie superalgebra (g = g0 ⊕
g1, [·, ·], α) generated by {e1, e2} is isomorphic to one of the following nonisomorphic Hom-
Lie superalgebras. Each algebra is denoted by gki,j, where i is the dimension of g0, j is the
dimension of g1, k is the number.
1) g10,2: is an abelian Hom-Lie superalgebra.
2) g21,1: is an abelian Hom-Lie superalgebra.
3) g31,1: [e0, e1] = e1, [e1, e1] = 0 and α =
(
1 0
0 a
)
, a ∈ K.
4) g41,1:[e0, e1] = e1, [e1, e1] = 0 and α =
(
a 0
0 0
)
, a 6= 0, 1.
5) g51,1: [e0, e1] = 0, [e1, e1] = e0 and α =
(
a2 0
0 a
)
, a 6= 0.
Now, we recall the definitions of n-ary Hom-Nambu superalgebras and n-Hom-Lie super-
algebras, generalizing of n-ary Nambu superalgebras and n-Lie superalgebras (see [1]).
Definition 1.7. An n-ary Hom-Nambu superalgebra (N , [·, . . . , ·], α˜) is a triple consisting
of a linear space N = N0 ⊕ N1, an even n-linear map [·, . . . , ·] : N n → N such that
[Nk1, . . . ,Nkn] ⊂ Nk1+···+kn and a family α˜ = (αi)1≤i≤n−1 of even linear maps αi : N → N ,
satisfying
∀(x1, . . . , xn−1) ∈ H(N )
n−1, (y1, . . . , yn) ∈ H(N )
n :
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[
α1(x1), . . . ., αn−1(xn−1), [y1, . . . ., yn]
]
= (8)
n∑
i=1
(−1)|X||Y |
i−1[
α1(y1), . . . ., αi−1(yi−1), [x1, . . . ., xn−1, yi], αi(yi+1), . . . , αn−1(yn)
]
,
where |X| =
n−1∑
k=1
|xk| and |Y |i−1 =
i−1∑
k=1
|yk|.
The identity (8) is called super-Hom-Nambu identity.
Let α˜ : N n−1 → N n−1 be even linear maps defined for all X = (x1, . . . , xn−1) ∈ N n−1
by α˜(X) = (α1(x1), . . . , αn−1(xn−1)) ∈ N
n−1. For all X = (x1, . . . , xn−1) ∈ N
n−1, the map
adX : N → N defined by
adX(y) = [x1, . . . , xn−1, y], ∀y ∈ N , (9)
is called adjoint map. Then the super-Hom-Nambu identity (8) may be written in terms of
adjoint map as
adα˜(X)([y1, . . . , yn]) =
n−1∑
i=1
(−1)|X||Y |
i−1
[α1(y1), . . . , αi−1(yi−1), adX(yi),
αi(yi+1) . . . , αn−1(yn)] .
Definition 1.8. An n-ary Hom-Nambu superalgebra (N , [·, . . . , ·], α˜) is called n-Hom-Lie
superalgebra if the bracket [·, . . . , ·] is super-skewsymmetric that is
∀ 1 ≤ i ≤ n− 1 :
[x1, . . . , xi, xi+1, . . . , xn] = −(−1)
|xi||xi+1|[x1, . . . , xi+1, xi, . . . , xn]. (10)
It is equivalent to
∀ 1 ≤ i < j ≤ n :
[x1, . . . , xi, . . . , xj , . . . , xn] = −(−1)
|X|j−1i+1 (|xi|+|xj |)+|xi||xj | [x1, . . . , xj , . . . , xi, . . . , xn] (11)
where x1, . . . , xn ∈ H(N ) and |X|
j
i =
j∑
k=i
|xk|.
Remark 1.9. When the maps (αi)1≤i≤n−1 are all identity maps, one recovers the classical
n-ary Nambu superalgebras.
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Let (N , [·, . . . , ·], α˜) and (N ′, [·, . . . , ·]′, α˜′) be two n-ary Hom-Nambu superalgebras where
α˜ = (αi)1≤i≤n−1 and α˜
′ = (α′i)1≤i≤n−1. A linear map f : N → N
′ is an n-ary Hom-Nambu
superalgebras morphism if it satisfies
f([x1, . . . , xn]) = [f(x1), . . . , f(xn)]
′,
f ◦ αi = α′i ◦ f, ∀i = 1, . . . , n− 1.
In the sequel we deal sometimes with a particular class of n-ary Hom-Nambu superalgebras
which we call n-ary multiplicative Hom-Nambu superalgebras.
Definition 1.10. A multiplicative n-ary Hom-Nambu superalgebra (resp. multiplicative
n-Hom-Lie superalgebra) is an n-ary Hom-Nambu superalgebra (resp. n-Hom-Lie superal-
gebra) (N , [·, . . . , ·], α˜) with α˜ = (αi)1≤i≤n−1 where α1 = · · · = αn−1 = α and satisfying
α([x1, . . . , xn]) = [α(x1), . . . , α(xn)], ∀x1, . . . , xn ∈ N . (12)
For simplicity, denote the n-ary multiplicative Hom-Nambu superalgebra as (N , [·, . . . , ·], α)
where α : N → N is an even linear map. Also by misuse of language an element X ∈ N n
refers to X = (x1, . . . , xn) and α(X) denotes (α(x1), . . . , α(xn)).
Definition 1.11. A multiplicative n-ary Hom-Nambu superalgebra (N , [·, . . . , ·], α) is called
regular if α is bijective.
1.2 Derivations, Quasiderivations and generalized derivations of
multiplicative n-ary Hom-Nambu superalgebras
In this section we recall the definition of derivation, quasiderivation and generalized deriva-
tion of multiplicative n-ary Hom-Nambu superalgebras.
Let (N , [·, . . . , ·], α) be a multiplicative n-ary Hom-Nambu superalgebra. We denote by αk
the k-times composition of α(i.e. αk = α ◦ · · · ◦ α︸ ︷︷ ︸
k−times
). In particular α0 = Id and α1 = α. If
(N , [·, . . . , ·], α) is a regular Hom-Lie superalgebra.
Definition 1.12. For any k ≥ 1, we call D ∈ End(N ) an αk-derivation of the multiplicative
n-ary Hom-Nambu superalgebra (N , [·, . . . , ·], α) if
[D, α] = 0 i.e. D ◦ α = α ◦D; (13)
D[x1, . . . , xn] =
n∑
i=1
(−1)|D||X|
i−1
[αk(x1), . . . , α
k(xi−1),D(xi), α
k(xi+1), . . . , α
k(xn)]. (14)
We denote by Derαk(N ) the set of α
k-derivations of the multiplicative n-Hom-Lie superal-
gebra N .
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For X = (x1, . . . , xn−1) ∈ N n−1 satisfying α(X) = X and k ≥ 1, we define the map
adkX ∈ End(N ) by
adkX(y) = [x1, . . . , xn−1, α
k(y)] ∀y ∈ N . (15)
Then, we find the following result.
Lemma 1.13. The map adkX is an α
k+1-derivation (called inner αk+1-derivation), and
|adkX | = |X|.
We denote by Innαk(N ) the space generate by all the inner α
k+1-derivations. For any
D ∈ Derαk(N ) and D
′ ∈ Derαk′ (N ) we define their supercommutator [D,D
′] as usual:
[D,D′] = D ◦D′ − (−1)|D||D
′|D′ ◦D, (16)
then [D,D′] ∈ Derαk+k′ (N ). Set Der(N ) =
⊕
k≥0
Derαk(N ) and Inn(N ) =
⊕
k≥0
Innαk(N ),
the pair (Der(N ), [·, ·]) is a Lie superalgebra.
Definition 1.14. Let (N , [·, . . . , ·], α) be a multiplicative n-ary Hom-Nambu superalgebra.
An endomorphism D ∈ End(N ) is said to be an αk−quasiderivation, if there exists an
endomorphism D′ ∈ End(N ) such that
n∑
i=1
(−1)|D||X|
i−1
[αk(x1), . . . ,D(xi), . . . , α
k(xn)] = D
′([x1, . . . , xn]),
for all x1, . . . , xn ∈ N . We call D′ the endomorphism associated to αk−quasiderivation D.
We denote the set of αk-quasiderivations by QDerαk(N ) and
QDer(N ) =
⊕
k≥0
QDerαk(N ).
Definition 1.15. An endomorphism D of a multiplicative n-ary Hom-Nambu superalgebra
(N , [·, . . . , ·], α) is called a generalized αk-derivation if there exist linear mappings
D′,D′′, . . . ,D(n−1),D(n) ∈ End(N )
such that
D(n)([x1, . . . , xn]) =
n∑
i=1
(−1)|D
(i−1)||X|i−1[αk(x1), . . . ,D
(i−1)(xi), . . . , α
k(xn)], (17)
for all x1, . . . , xn ∈ N . An (n+1)-tuple (D,D′,D′′, . . . ,D(n−1),D(n)) is called an (n+1)-ary
αk-derivation.
We denote the set of generalized αk-derivations by GDerαk(N ) and
GDer(N ) =
⊕
k≥0
GDerαk(N ).
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2 n-Hom-Lie superalgebras induced by Hom-Lie su-
peralgebras
In [47], the authors introduced a construction of a 3-Hom-Lie superalgebra from a Hom-Lie
superalgebra. It is called 3-Hom-Lie superalgebra induced by Hom-Lie superalgebra. In this
section we generalize this construction to the n-ary Hom-algebras by the approach in [4].
Let (g, [·, ·], α) be a multiplicative Hom-Lie superalgebra and g∗ be its dual superspace.
Fix an even element of the dual space ϕ ∈ g∗. Define the triple product as follows
∀ x, y, z ∈ H(g) :
[x, y, z] = ϕ(x)[y, z] + (−1)|x|(|y|+|z|)ϕ(y)[z, x] + (−1)|z|(|x|+|y|)ϕ(z)[x, y]. (18)
Obviously this triple product is super-skew-symmetric. It is straightforward to compute the
left-hand side and the right-hand side of the super-Hom-Nambu identity (8) if ϕ◦α = ϕ and
ϕ(x)ϕ([y, z]) + (−1)|x|(|y|+|z|)ϕ(y)ϕ([z, x]) + (−1)|z|(|x|+|y|)ϕ(z)ϕ([x, y]) = 0. (19)
Now we consider ϕ as an even K-valued cochain of degree one of the Chevalley-Eilenberg
complex of a Hom-Lie superalgebra g. Let coboundary operator δ : ∧kg∗ → ∧kg∗ be defined
by
δf(x1, . . . , xk+1) =
∑
i<j
(−1)i+j+1(−1)γ
X
ij f([xi, xj]g, α(x1) . . . , x̂i, . . . , x̂j, . . . , α(xk+1)), (20)
where γXij = |X|
n
j+1(|xi| + |xj |) + |xi||X|
i+1
j−1, for f ∈ ∧
kg∗ and for all x1, . . . , xk+1 ∈ H(g).
Then, δϕ(x, y) = ϕ([x, y]). Finally, we can define the wedge product of two cochains ϕ and
δϕ, which is the cochain of degree three by
ϕ ∧ δϕ(x, y, z) = ϕ(x)ϕ([y, z]) + (−1)|x|(|y|+|z|)ϕ(y)ϕ([z, x]) + (−1)|z|(|x|+|y|)ϕ(z)ϕ([x, y]).
Hence (19) is equivalent to ϕ ∧ δϕ = 0. Thus, if an 1-cochain ϕ satisfies the equation (19),
then the triple product (18) is the 3-Hom-Lie bracket, and we will call this multiplicative
3-Hom-Lie bracket the quantum Hom-Nambu bracket induced by an even 1-cochain.
Definition 2.1. Let φ ∈ ∧n−2g∗ be an even (n− 1)-cochain, we define the n-ary product as
follows
[x1, . . . , xn]φ =
n∑
i<j
(−1)i+j+1(−1)γ
X
ij φ(x1, . . . , xˆi, . . . , xˆj , . . . , xn)[xi, xj ], (21)
for all x1, . . . , xn ∈ H(g).
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It is clair that [·, . . . , ·]φ is an even n-linear map.
Proposition 2.2. The n-ary product [·, . . . , ·]φ is super-skew-symmetric.
Proof. Let x1, . . . , xn ∈ H(g) and fix an integer 1 ≤ i ≤ n− 1. Then,
[x1, . . . , xi, xi+1, . . . , xn]φ =∑
k<l<i
(−1)k+l+1(−1)γ
X
klφ(x1, . . . , x̂k, . . . , x̂l . . . , xi, . . . , xn)[xk, xl]
+
∑
i+1<k<l
(−1)k+l+1(−1)γ
X
klφ(x1, . . . , xi, xi+1, . . . , x̂k . . . , x̂l, . . . , xn)[xk, xl]
+
∑
k=i<l 6=i+1
(−1)i+l+1(−1)γ
X
il φ(x1, . . . , x̂i, xi+1, . . . , x̂l, . . . , xn)[xi, xl]
+
∑
k<l=i
(−1)k+i+1(−1)γ
X
kiφ(x1, . . . , x̂k, . . . , x̂i, xi+1, . . . , xn)[xk, xi]
+
∑
i 6=k<l=i+1
(−1)k+i(−1)γ
X
k,i+1φ(x1, . . . , x̂k, . . . , xi, x̂i+1, . . . , xn)[xk, xi+1]
+
∑
k=i+1<l
(−1)l+i(−1)γ
X
i+1,lφ(x1, . . . , xi, x̂i+1, . . . , x̂l, . . . , xn)[xi+1, xl]
+ (−1)γ
X
i,i+1φ(x1, . . . , x̂i, x̂i+1, . . . , xn)[xi, xi+1]
= S1 + · · ·+ S7
and
[x1, . . . , xi+1, xi, . . . , xn]φ =∑
k<l<i
(−1)k+l+1(−1)γ
X
klφ(x1, . . . , x̂k, . . . , x̂l . . . , xi+1, xi, . . . , xn)[xk, xl]
+
∑
i+1<k<l
(−1)k+l+1(−1)γ
X
klφ(x1, . . . , xi+1, xi, . . . , x̂k . . . , x̂l, . . . , xn)[xk, xl]
+
∑
k=i<l 6=i+1
(−1)i+l+1(−1)ζ
X
il φ(x1, . . . , x̂i+1, xi, . . . , x̂l, . . . , xn)[xi+1, xl]
+
∑
k<l=i
(−1)k+i+1(−1)ζ
X
kiφ(x1, . . . , x̂k, . . . , x̂i+1, xi, . . . , xn)[xk, xi+1]
+
∑
i 6=k<l=i+1
(−1)k+i(−1)ζ
X
k,i+1φ(x1, . . . , x̂k, . . . , xi+1, x̂i, . . . , xn)[xk, xi]
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+
∑
k=i+1<l
(−1)l+i(−1)ζ
X
i+1,lφ(x1, . . . , xi+1, x̂i, . . . , x̂l, . . . , xn)[xi, xl]
+ (−1)γ
X
i,i+1φ(x1, . . . , x̂i, x̂i+1, . . . , xn)[xi+1, xi]
= S ′1 + · · ·+ S
′
7
where
ζXil = |X|
n
l+1(|xi+1|+ |xl|) + |xi+1|(|xi|+ |xi+2|+ · · ·+ |xl−1|)
= |X|nl+1(|xi+1|+ |xl|) + |xi+1|(|xi+2|+ · · ·+ |xl−1|) + |xi+1||xi|
= γXi+1,i + |xi+1||xi|.
So we conclude that S ′3 = −(−1)
|xi||xi+1|S6. In the same way, it is easy to see also that
S ′4 = −(−1)
|xi||xi+1|S5, S
′
5 = −(−1)
|xi||xi+1|S4, and S
′
6 = −(−1)
|xi||xi+1|S3.
The super-skew-symmetry of φ gives that S ′1 = −(−1)
|xi||xi+1|S1, S
′
2 = −(−1)
|xi||xi+1|S2
and S ′7 = −(−1)
|xi||xi+1|S7. Finally we get
[x1, . . . , xi, xi+1, . . . , xn]φ = −(−1)
|xi||xi+1|[x1, . . . , xi+1, xi, . . . , xn]φ.
Given X = (x1, . . . , xn−3) ∈ ∧
n−3H(g), Y = (y1, . . . , yn) ∈ ∧
nH(g) and z ∈ H(g), we
define the linear map φX by φX(z) = φ(X, z), and
φ ∧ δφX(Y ) =
n∑
i<j
(−1)i+j(−1)γ
Y
ijφ(y1, . . . yˆi . . . yˆj . . . , yn)δφX(yi, yj)
=
n∑
i<j
(−1)i+j(−1)γ
Y
ijφ(y1, . . . yˆi . . . yˆj . . . , yn)φX([yi, yj]).
Theorem 2.3. Let (g, [·, ·], α) be a multiplicative Hom-Lie superalgebra, g∗ its dual and φ
be an even cochain of degree n − 2, i.e. φ ∈ ∧n−2g∗. The linear space g equipped with the
n-ary product (21) and the even linear map α is a multiplicative n-Hom-Lie superalgebra if
and only if
φ ∧ δφX = 0, ∀X ∈ ∧
n−3H(g), (22)
φ ◦ (α⊗ Id⊗ · · · ⊗ Id) = φ. (23)
Proof. Firstly, if (x1, . . . , xn) ∈ ∧nH(g), then
[α(x1), . . . , α(xn)]φ =
13
=
n∑
i<j
(−1)i+j+1(−1)γ
Y
ijφ(α(x1), . . . , α̂(xi), . . . , α̂(xj), . . . , α(xn))[α(xi), α(xj)]
=
n∑
i<j
(−1)i+j+1(−1)γ
X
ij φ(x1, . . . , xˆi, . . . , xˆj , . . . , xn)α([xi, xj ])
= α([x1, . . . , xn]φ).
Secondly, for (x1, . . . , xn−1) ∈ ∧n−1H(g) and (y1, . . . , yn) ∈ ∧nH(g), we have
[α(x1), . . . , α(xn−1), [y1, . . . , yn]φ]φ
=
∑
i<j
(−1)i+j+1(−1)γ
Y
ijφ(y1, . . . , ŷi, . . . , ŷj, . . . , yn)[α(x1), . . . , α(xn−1), [yi, yj]]φ
=
∑
i<j
∑
k<l≤n−1
(−1)i+j+k+l(−1)γ
Y
ij+γ
X
kl (−1)(|xk|+|xl|)(|xi|+|xj|)
φ(α(x1), . . . , α̂(xk), . . . , α̂(xl), . . . , [yi, yj])φ(y1, . . . , ŷi, . . . , ŷj, . . . , yn)[α(xk), α(xl)]
+
∑
i<j
∑
k<n
(−1)i+j+k(−1)γ
Y
ij (−1)|xk||X
k+1|
φ(α(x1), . . . , α̂(xk), . . . , α(x(n−1)), . . . , [̂yi, yj])φ(y1, . . . , ŷi, . . . , ŷj, . . . , yn)[α(xk), [yi, yj]].
The terms [α(xk), [yi, yj]] are simplified by identity of Jacobi in the second half of the Filippov
identity. Now, we group together the other terms according to their coefficient [α(xi), α(xj)].
For example, if we fixed (k, l) and, if we collect all the terms containing the commutator
[α(xk), α(xl)], then we get the expression(∑
i<j
(−1)i+j+k+l(−1)γ
Y
ij+γ
X
kl (−1)(|xk|+|xl|)(|xi|+|xj|)φ(α(x1), . . . , α̂(xk), . . . , α̂(xl), . . . , [yi, yj])
φ(y1, . . . , ŷi, . . . , ŷj, . . . , yn)
)
[α(xk), α(xl)].
Hence the n-ary product (21) will satisfy the n-ary Filippov-Jacobi identity if for any
elements X = (x1, . . . , xn−3) ∈ ∧n−3H(g) and Y = (y1, . . . , yn) ∈ ∧nH(g) we require
( n∑
i<j
(−1)i+j(−1)γ
Y
ijφ(α(x1), . . . , α(xn−3), [yi, yj])φ(y1, . . . , ŷi, . . . , ŷj, . . . , yn)
)
= 0.
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Example 2.4 ( [85]). Consider a 3-dimensionally graded linear space L = L0 ⊕ L1, where
L0 is generated by e1, e2 and L1 is generated by e3. Define an even linear map α : L→ L by
α(e1) = a
2e1, α(e2) = e2 α(e3) = ae2
and an even super-skewsymmetric bilinear map [·, ·] : L× L→ L given by
[e1, e2] = [e1, e3] = 0, [e2, e3] = e3, [e3, e3] = e1.
Then (L, [·, ·], α) is a multiplicative Hom-Lie superalgebra. Define an even linear form φ :
L→ K given by φ(e1) = 0 and φ(e2) = b. Then, we have
φ ◦ α = φ and φ ∧ δφ = 0.
Therefore, using Theorem 2.3, we can construct a multiplicative 3-Hom-Lie superalgebra
(L, [·, ·, ·]φ, α), where the ternary bracket [·, ·, ·]φ is given by [e2, e3, e3] = φ(e1)[e3, e3] = be1
and a, b are parameters.
Definition 2.5. Let φ : g∧ · · · ∧ g→ K be an even super-skewsymmetric linear form of the
multiplicative Hom-Lie superalgebra (g, [·, ·], α), then φ is called supertrace if:
φ ◦ ([·, ·] ∧ Id ∧ · · · ∧ Id) = 0 and φ ◦ (α ∧ Id ∧ · · · ∧ Id) = φ.
Corollary 2.6. Let φ : g∧n−2 → K be a supertrace of Hom-Lie superalgebra (g, [·, ·], α), then
gφ = (g, [., . . . , .]φ, α) is a n-Hom-Lie superalgebra.
Proposition 2.7. Let (g, [·, ·], α) be a Hom-Lie superalgebra, and let D ∈ Der(g) be an
αk-derivation such that
n−2∑
i=1
(−1)|D||X|
i−1
φ(x1, . . .D(xi), . . . , xn−2) = 0.
Then D is an αk-derivation of the n-Hom-Lie superalgebra (g, [·, . . . , ·]φ, α).
Proof. Let X = (x1, . . . , xn) ∈ ∧nH(g), on the one hand we get
D([x1, . . . , xn]φ) = D
(∑
i<j
(−1)i+j+1φ(α(x1), . . . , α(x̂i), . . . , α(x̂j), . . . , α(xn))[α(xi), α(xj)]
)
=
∑
i<j
(−1)i+j+1φ(α(x1), . . . , α(x̂i), . . . , α(x̂j), . . . , α(xn))D([α(xi), α(xj)])
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=
∑
i<j
(−1)i+j+1φ(x1, . . . , x̂i, . . . , x̂j, . . . , xn)[α(D(xi)), α
k+1(xj)]
+
∑
i<j
(−1)i+j+1φ(x1, . . . , x̂i, . . . , x̂j, . . . , xn)[α
k+1(xi), α(D(xj))],
on the other hand, we have
n∑
l=1
[αk(x1), . . . , α
k(xl−1),D(xl), . . . , α
k(xl+1), . . . , α
k(xn)]φ
=
n∑
l=1
∑
i<j ; i,j 6=l
(−1)i+j+1φ(αk(x1), . . . , α̂k(xi), . . . ,D(xl), . . . , α̂k(xj), . . . , α
k(xn))
[αk(xi), α
k(xj)]
+
n∑
l=1
∑
i<l
(−1)i+l+1φ(αk(x1), . . . , α̂k(xi), . . . , D̂(xl), . . . , α
k(xn))[α
k(xi),D(xl)]
+
n∑
l=1
∑
l=i<j
(−1)j+l+1φ(αk(x1), . . . , D̂(xl), . . . , α̂k(xj), . . . , α
k(xn))[D(xl), α
k(xj)].
If D is an αk-derivation then
D([x1, . . . , xn]φ) =
n∑
l=1
(−1)|D||X|
i−1
[αk(x1), . . . , α
k(xl−1),D(xl), . . . , α
k(xl+1), . . . , α
k(xn)]φ,
which gives
∑
i<j
i,j 6=l
(−1)i+j+1
( n∑
l=1
(−1)|D||X|
l−1
φ(αk(x1), . . . , α̂k(xi), . . . ,D(xl), . . . , α̂k(xj), . . . , α
k(xn))
)
[αk(xi), α
k(xj)] = 0.
Finally, if we fixed (i, j) we have
n−2∑
l=1
(−1)|D||X|
l−1
φ(αk(x1), . . . ,D(xl), . . . , α
k(xn−2)) = 0.
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Proposition 2.8. Let (g, [·, ·], α) be a Hom-Lie superalgebra and let D ∈ QDer(g) be an
αk-quasi-derivation and D′ : g→ g the endomorphism associated to D such that
n−2∑
i=1
(−1)|D||X|
i−1
φ(x1, . . .D(xi), . . . , xn−2) = 0.
Then D is an αk-quasi-derivation of the n-Hom-Lie superalgebra (g, [·, . . . , ·]φ, α) with the
same endomorphism associated to D′.
3 n-ary Hom-Nambu superalgebras induced by Hom-
Lie superalgebras
In this section we construct an n-ary Hom-Nambu superalgebras with a help of a given
Hom-Lie superalgebra by analogue of Hom-Lie triple system given in [91] in graded case.
Let (g, [·, ·], α) be a multiplicative Hom-Lie superalgebra. Define the following n-linear map
[·, . . . , ·]n : g⊗n → g:[
x1, . . . , xn
]
n
=
[[
[. . . [x1, x2], α(x3)], α
2(x4)
]
. . . αn−3(xn−1)], α
n−2(xn)
]
. (24)
For n=2, [x1, x2]2 = [x1, x2] and for n ≥ 3, [x1, . . . , xn]n = [[x1, . . . , xn−1]n−1, αn−2(xn)].
Theorem 3.1. Let (g, [·, ·], α) be a multiplicative Hom-Lie superalgebra. Then
gn = (g, [·, . . . , ·]n, α
n−1)
is a multiplicative n-ary Hom-Nambu superalgebra.
To prove this theorem we need the following lemma.
Lemma 3.2. Let (g, [·, ·], α) be a multiplicative Hom-Lie superalgebra, and ad2 the adjoint
map defined by ad2x(y) = adx(y) = [x, y]. Then, we have
ad2αn−1(x)[y1, . . . , yn]n =
n∑
k=1
(−1)|x||Y |
k−1
[α(y1), . . . , α(yk−1), ad
2
x(yk), α(yk+1), . . . , α(yn)]n,
where x ∈ H(g), y ∈ H(g) and (y1, . . . , yn) ∈ H(g)n.
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Proof. For n = 2, using the super-Hom-Jacobi identity we have
ad2α(x)[y, z] = [α(x), [y, z]] = [[x, y], α(z)] + (−1)
|x||y|[α(y), [x, z]]
= [ad2x(y), α(z)] + (−1)
|x||y|[α(y), ad2x(z)].
Assume that the property is true up to order n, that is
ad2αn−1(X)[y1, . . . , yn]n =
n∑
k=1
(−1)|X||Y |
k−1
[α(y1), . . . , α(yk−1), ad
2
X(yk), α(yk+1), . . . , α(yn)]n.
Let x ∈ H(g) and (y1, . . . , yn+1) ∈ H(g)n+1, we have
ad2αn(x)[y1, . . . , yn+1] = ad
2
αn(x)[[y1, . . . , yn]n, α
n−1(yn+1)]2
=
[
ad2αn−1(x)[y1, . . . , yn]n, α
n(yn+1)
]
2
+ (−1)|x||Y |
[
[α(y1), . . . , α(yn)]n, ad
2
αn−1(x)(α
n−1(yn+1))
]
2
=
n∑
k=1
[
[α(y1), . . . , α(yk−1), ad
2
x(yk), α(yk+1), . . . , α(yn)]n, α
n(yn+1)
]
+ (−1)|x||Y |
k−1
[
[α(y1), . . . , α(yn)]n, α
n−1(ad2x(yn+1))
]
2
=
n∑
k=1
(−1)|x||Y |
k−1
[
α(y1), . . . , α(yk−1), ad
2
x(yk), α(yk+1), . . . , α(yn), α(yn+1)
]
n+1
+
[
α(y1), . . . , α(yn), ad
2
x(yn+1)
]
n+1
=
n+1∑
k=1
(−1)|x||Y |
k−1
[
α(y1), . . . , α(yk−1), ad
2
x(yk), α(yk+1), . . . , α(yn+1)
]
n+1
.
The lemma is proved.
Proof. (Proof of Theorem 3.1) Let X = (x1, . . . , xn−1) ∈ H(g)n−1 and Y = (y1, . . . , yn) ∈
H(g)n. Using Lemma 3.2, we have[
αn−1(x1), . . . , α
n−1(xn−1), [y1, . . . , yn]n
]
n
=
[
[αn−1(x1), . . . , α
n−1(xn−1)]n−1, [α
n−2(y1), . . . , α
n−2(yn)]n
]
2
=ad2αn−1[x1,...,xn−1]n−1([α
n−2(y1), . . . , α
n−2(yn)]n)
=
n∑
k=1
(−1)|X||Y |
k−1
[
αn−1(y1), . . . , ad
2
[x1,...,xn−1]n−1
(αn−2(yk)), . . . , α
n−1(yn)
]
n
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=
n∑
k=1
(−1)|X||Y |
k−1
[
αn−1(y1), . . . , [[x1, . . . , xn−1]n−1, α
n−2(yk)]2, . . . , α
n−1(yn)
]
n
=
n∑
k=1
(−1)|X||Y |
k−1
[
αn−1(y1), . . . , [x1, . . . , xn−1, yk]n, . . . , α
n−1(yn)
]
n
.
Example 3.3. Consider the 2-dimensional multiplicative Hom-Lie superalgebras g31,1 and g
4
1,1
given in Theorem 1.6. We can construct a multiplicative n-ary Hom-Nambu superalgebras
structures on g31,1 and g
4
1,1 given respectively by:
[e1, e0, . . . , e0]
3
n = (−1)
n−1e1 and [e1, e0, . . . , e0]
4
n = −(−a)
n−2e1.
The other brackets are zero.
Example 3.4 ( [85]). Consider a 3-dimensional graded linear space L = L0 ⊕ L1, where L0
is generated by e1 and L1 is generated by e2, e3. Define an even linear map α : L→ L by
α(e1) = ae1, α(e2) = ae2 α(e3) = e3
and an even super-skewsymmetric bilinear map [·, ·] : L× L→ L given by
[e1, e2] = [e2, e2] = [e3, e3] = 0, [e1, e3] = be2, [e3, e3] = ce1,
where a, b, c are parameters and a 6= 0. Then (L, [·, ·], α) is a multiplicative Hom-Lie super-
algebra. Therefore, using Theorem 3.1, we can construct a multiplicative 3-ary Hom-Nambu
superalgebra (L, [·, ·, ·]3, α2), where the ternary bracket [·, ·, ·]3 is given by [e1, e3, e3] = bce1
and [e2, e3, e3] = bce2. We can also construct a multiplicative n-ary Hom-Nambu superalge-
bra (L, [·, . . . , ·]n, αn−1), where the n-ary bracket [·, . . . , ·]n is given by:
• If n = 4p, then [e1, e3, e3, . . . , e3] = b
pcp+1e1 and [e2, e3, e3, . . . , e3] = b
p+1cpe2.
• If n = 4p+ 1, [e1, e3, e3, . . . , e3] = bp+1cp+1e2 and [e2, e3, e3, . . . , e3] = bp+1cp+1e1.
• If n = 4p+ 2, then [e1, e3, e3, . . . , e3] = bp+1cp+2e1 and [e2, e3, e3, . . . , e3] = bp+2cp+1e2.
• If n = 4p+ 3, then [e1, e3, e3, . . . , e3] = bp+2cp+2e2 and [e2, e3, e3, . . . , e3] = bp+2cp+2e1.
Proposition 3.5. Let (g, [·, ·], α) be a multiplicative Hom-Lie superalgebra and D : g → g
an αk-derivation of g for an integer k. Then D is an αk-derivation of gn.
Proof. We use the mathematical induction. For n = 3, given x, y, z ∈ H(g), we have
D([x, y, z]) = D([[x, y], α(z)])
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=[D([x, y]), αk+1(z)] + (−1)|D||[x,y]|[[αk(x), αk(y)],D(α(z))]
=[[D(x), αk(y)], αk+1(z)] + (−1)|D||x|[[αk(x),D(y)], αk+1(z)]
+ (−1)|D|(|x|+|y|)[[αk(x), αk(y)], α(D(z))]
=[D(x), αk(y), αk(z)] + (−1)|D||x|[αk(x),D(y), αk(z)] + (−1)|D|(|x|+|y|)[αk(x), αk(y),D(z)].
Now, suppose that the property is true to order n− 1:
D([x1, . . . , xn−1]n−1) =
n∑
i=1
(−1)|D||X|
i−1
[αk(x1), . . . , D(xk), . . . , α
k(xn−1)]n−1.
If (x1, . . . , xn) ∈ gn, then
D([x1, . . . , xn]n) =D(
[
[x1, . . . , xn−1]n−1, α
n−2(xn)
]
)
=
[
D([x1, . . . , xn−1]n−1), α
n+k−2(xn)
]
+ (−1)|D||[x1,...,xn−1]n−1|
[
[αk(x1), . . . , α
k(xn−1)]n−1,D(α
n−2(xn))
]
=
[
D([x1, . . . , xn−1]n−1), α
n−2(αk(xn))
]
+ (−1)|D||X|
n−1
[
[αk(x1), . . . , α
k(xn−1)]
n−1, αn−2(D(xn))
]
=
n−1∑
i=1
(−1)|D||X|
i−1
[
[αk(x1), . . . ,D(xi), . . . , α
k(xn−1)]n−1, α
n−2(αk(xn))
]
+ (−1)|D||X|
n−1
[αk(x1), . . . , α
k(xn−1),D(xn)]n
=
n−1∑
i=1
(−1)|D||X|
i−1
[αk(x1), . . . ,D(xi), . . . , α
k(xn−1), α
k(xn)]n
+ (−1)|D||X|
n−1
[αk(x1), . . . , α
k(xn−1),D(xn)]n
=
n∑
i=1
(−1)|D||X|
i−1
[αk(x1), . . . ,D(xi), . . . , α
k(xn−1), α
k(xn)]n,
which completes the proof.
Proposition 3.6. Let (g, [·, ·], α) be a multiplicative Hom-Lie superalgebra. For endomor-
phisms D,D′,. . . ,D(n−1) of g such that D(i) is an αk-quasiderivation with associated endomor-
phism D(i+1) for 0 ≤ i ≤ n− 2, the (n+1)-tuple (D,D,D′,D′′, . . . ,D(n−1)) is an (n+1)-ary
αk-derivation of gn.
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Proof. Let x1, . . . , xn ∈ g, then
D(n−1)([x1, . . . , xn]n) = D
(n−1)([[x1, . . . , xn−1]n−1, xn])
= [D(n−2)([x1, . . . , xn−1]n−1), α
k(xn)]
+ (−1)|D
(n−2)||X|n−1[[αk(x1), . . . , α
k(xn−1)]n−1,D
(n−2)(xn)]
= [[D(n−3)([x1, . . . , xn−2]), α
k(xn)], α
k(xn)]
+ (−1)|D
(n−3)||X|n−2
[[
[αk(x1), . . . , α
k(xn−2)],D
(n−3)(xn−1)
]
, αk(xn)
]
+ (−1)|D
(n−2)||X|n−1
[
[αk(x1), . . . , α
k(xn−1)]n−1,D
(n−2)(xn)
]
...
= [D(x1), α
k(x2), . . . , α
k(xn)]n + (−1)
|D||x1|[αk(x1),D(x2), . . . , α
k(xn)]n
+ (−1)|D|(|x1|+|x2|)[αk(x1), α
k(x2),D
′(x3), . . . , α
k(xn)]n
+ · · ·+ (−1)|D
(n−2)||X|n−1[αk(x1), . . . , α
k(xn−1),D
(n−2)(xn)]n).
Therefore (n+ 1)-tuple (D,D,D′,D′′, . . . ,D(n−1)) is a generalized αk-derivation of gn.
4 Rota-Baxter n-ary Hom-Nambu superalgebras
In this section, we introduce the notion of Rota-Baxter operators of Hom-Nambu super-
algebras and 3-Hom-pre-Lie algebras. Then we introduce the notion of a 3-Hom-pre-Lie
superalgebra which is closely related to Rota-Baxter operators of weight 0.
4.1 Rota-Baxter Operator on n-ary Hom-Nambu superalgebras
Let (A, ·, α) be a K-super-linear space with an even binary operation · and linear map
α : A→ A and let λ ∈ K. If an even linear map R : A→ A satisfies, for all x, y ∈ A,
Rα = αR, R(x) · R(y) = R(R(x) · y + x · R(y) + λx · y), (25)
then R is called a Rota-Baxter operator of weight λ on Hom-superalgebra (A, ·, α).
We generalize the concepts of a Rota-Baxter operator to n-ary Hom-Nambu superalgebras.
Definition 4.1. Let λ ∈ K and an n-ary Hom-Nambu superalgebra (N , [·, . . . , ·], α). A
Rota-Baxter operator of weight λ on (A, [·, . . . , ·], α) is an even linear map R : N → N such
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that Rα = αR satisfying
[R(x1), . . . , R(xn)] = R
( ∑
∅6=I⊆[n]
λ|I|−1[Rˆ(x1), . . . , Rˆ(xi), . . . , Rˆ(xn)]
)
, (26)
where Rˆ(xi) := RˆI(xi) :=
{
xi, i ∈ I,
R(xi), i 6∈ I
for all x1, . . . , xn ∈ N . In particular, a Rota-
Baxter operator of weight λ of ternary Hom-Nambu superalgebra (N , [·, . . . , ·], α) is an even
linear map R : N → N commuting with α such that
[R(x1), R(x2), R(x3)] = R
(
[R(x1), R(x2), x3] + [R(x1), x2, R(x3)] + [x1, R(x2), R(x3)]
+ λ[R(x1), x2, x3] + λ[x1, R(x2), x3] + λ[x1, x2, R(x3)]
+ λ2[x1, x2, x3]
)
.
Proposition 4.2. Let (N , [·, . . . , ·], α) be a n-ary Hom-Nambu superalgebra over a field K.
An invertible even linear mapping R : N → N is a Rota-Baxter operator of weight 0 on N
if and only if R−1 is an even derivation on N .
Proof. R is an even invertible Rota-Baxter operator of weight 0 on N if and only if
∀x1, . . . , xn ∈ A : [R(x1), . . . , R(xn)] = R
( n∑
i=1
[R(x1), . . . , xi, . . . , R(xn)]
)
.
For Xk = R(xk), k ∈ {1, . . . , n}: [X1, . . . , Xn] = R
( n∑
i=1
[X1, . . . , R
−1(Xi), . . . , Xn]
)
. Hence,
R−1([X1, . . . , Xn]) =
n∑
i=1
[X1, . . . , R
−1(Xi), . . . , Xn]. Thus R
−1 is an even derivation on A.
Proposition 4.3. Let R be a Rota-Baxter of weight 0 of Hom-Lie superalgebra (g, [·, ·], α)
and φ ∈ ∧n−2g∗ an even (n−2)-cochaine satisfying the conditions (22) and (23). Then R is
a Rota-Baxter operator of weight 0 on the n-ary Hom-Nambu superalgebra (g, [·, . . . , ·]φ, α)
defined in (3) if and only if R satisfies
∀x1, . . . , xn ∈ H(g) :
n∑
k<l
( n∑
i 6=k,l
φ
(
R(x1), . . . , R̂(xk), . . . , R̂(xl), . . . , R(xn)
))
[R(xk), R(xl)] ∈ ker(R). (27)
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Proof. For X = (x1, . . . , xn) ∈ H(g)⊗n,
[R(x1), . . . , R(xn)]φ =
=
∑
k<l
(−1)|k|+|l|+1(−1)γ
X
klφ(R(x1), . . . , R̂(xk), . . . , R̂(xl), . . . , R(xn))[R(xk), R(xl)]
=
∑
k<l
(−1)|k|+|l|+1(−1)γ
X
klφ
(
R(x1), . . . , R̂(xk), . . . , R̂(xl), . . . , R(xn)
)
([R(xk), xl] + [xk, R(xl)])
On the other hand,
R
( n∑
i=1
[R(x1), . . . , xi, . . . , R(xn)]φ
)
=
=R
( n∑
i=1
∑
k<l;k,l 6=i
(−1)k+l+1(−1)γ
X
klφ(R(x1), . . . , R̂(xk), . . . , xi, . . . , R̂(xl), . . . , R(xn))
[R(xk), R(xl)]
)
+R
( n∑
i=1
∑
k<i
(−1)k+i+1(−1)γ
X
kiφ(R(x1), . . . , R̂(xk), . . . , x̂i, . . . , R(xn))[R(xk), xi]
)
+R
( n∑
i=1
∑
i<k
(−1)k+i+1(−1)γ
X
ikφ(R(x1), . . . , x̂i, . . . , R̂(xk), . . . , R(xn))[xi, R(xk)]
)
It is easy to see that
R
( n∑
i=1
[R(x1), . . . , xi, . . . , R(xn)]φ
)
− [R(x1), . . . , R(xn)]φ =
R
( n∑
i=1
∑
k<l
k,l 6=i
(−1)k+l+1(−1)γ
X
klφ(R(x1), . . . , R̂(xk), . . . , xi, . . . , R̂(xl), . . . , R(xn))[R(xk), R(xl)]
)
Then, R is a Rota-Baxter operator on the n-ary Hom-Nambu superalgebra (g, [·, . . . , ·]φ, α)
defined in (3) if and only if
R
( n∑
i=1
∑
k<l;k,l 6=i
(−1)k+l+1(−1)γ
X
klφ(R(x1), . . . , R̂(xk), . . . , xi, . . . , R̂(xl), . . . , R(xn))
[R(xk), R(xl)]
)
= 0,
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which gives
n∑
k<l
(−1)k+l+1(−1)γ
X
kl
( n∑
i 6=k,l
φ
(
R(x1), . . . , R̂(xk), . . . , xi, . . . , R̂(xl), . . . , R(xn)
)
[R(xk), R(xl)] ∈ ker(R).
Proposition 4.4. A Rota-Baxter R of weight 0 of Hom-Lie superalgebra (g, [·, ·], α) is a
Rota-Baxter operator on the associated n-ary Hom-Nambu algebra (g, [·, . . . , ·]n, αn−2) defined
in (24).
Proof. It easy to show that αpR = Rαp for any integer p. We use the mathematical induction
on the integer n ≥ 3:
i) For n = 3: Let x, y, z ∈ H(g), we have:
[R(x), R(y), R(z)]3 = [[R(x), R(y)], α(R(z))] =
= [R([R(x), y]), R(α(z))] + [R([x,R(y)]), R(α(z))]
= R([R([R(x), y]), α(z)]) +R([[R(x), y], R(α(z))])
+R([R([x,R(y)]), α(z)]) +R([[x,R(y)], R(α(z))])
= R([R([R(x), y]), α(z)]) +R([R([x,R(y)]), α(z)])
+R([R(x), y, R(z)]3) +R([x,R(y), R(α(z))]3)
= R([R([R(x), y]) +R([x,R(y)]), α(z)])
+R([R(x), y, R(z)]3) +R([x,R(y), R(z)]3)
= R([R(x), R(y), z]3) + R([R(x), y, R(z)]3) +R([x,R(y), R(z)]3)
= [R(x), R(y), R(z)]3
ii) Assume the property is true to order n > 3, that is:
∀(x1, . . . , xn−1) ∈ H(g)
⊗n−1 :
[R(x1), . . . , R(xn−1)]n−1 = R
( n−1∑
i=1
[R(x1), . . . , xi, . . . , R(xn−1)]n−1
)
.
For (x1, . . . , xn) ∈ H(g)⊗n,
[R(x1), . . . , R(xn)]n = [[R(x1), . . . , R(xn−1)]n−1, α
n−2(R(xn))]
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=
n−1∑
i=1
[
R([R(x1), . . . , xi, . . . , R(xn−1)]n−1), R(α
n−2(xn))
]
= R
( n−1∑
i=1
[
[R(x1), . . . , xi, . . . , R(xn−1)]n−1, α
n−2(R(xn))
])
+R
( n−1∑
i=1
[
R([R(x1), . . . , xi, . . . , R(xn−1)]n−1), α
n−2(xn)
])
= R
( n−1∑
i=1
[R(x1), . . . , xi, . . . , R(xn−1), R(xn)]n
)
+R
([ n−1∑
i=1
R([R(x1), . . . , xi, . . . , R(xn−1)]n−1), α
n−2(xn)
])
= R
( n−1∑
i=1
[R(x1), . . . , xi, . . . , R(xn−1), R(xn)]n
)
+R
(
[[R(x1), . . . , R(xn−1)]n−1, α
n−2(xn)]
)
= R
( n−1∑
i=1
[R(x1), . . . , xi, . . . , R(xn−1), R(xn)]n
)
+R
(
[R(x1), . . . , R(xn−1), xn]n
)
= R
( n∑
i=1
[R(x1), . . . , xi, R(xn)]n
)
.
The theorem is proved.
4.2 3-Hom-pre-Lie superalgebras
In this subsection, we generalize the notion of a 3-Hom-pre-Lie algebra introduced in [19]
to the super case, which is closely related to Rota Baxter operators. In particular, there is
a construction of 3-Hom-pre-Lie superalgebras obtained from 3-Hom-Lie superalgebras.
Definition 4.5. A triple (A, {·, ·, ·}, α), consisting of a linear super-space A and two even
linear maps {·, ·, ·} : A⊗A⊗A→ A and α : A→ A, is called a 3-Hom-pre-Lie superalgebra
if the following identities hold:
{x, y, z} = −(−1)|x||y|{y, x, z}, (28)
{α(x1), α(x2), {x3, x4, x5}} = {[x1, x2, x3]C , α(x4), α(x5)}
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+ (−1)|x3|(|x1|+|x2|){α(x3), [x1, x2, x4]C , α(x5)}
+ (−1)(|x1|+|x2|)(|x3|+|x4|){α(x3), α(x4), {x1, x2, x5}}, (29)
{[x1, x2, x3]C , α(x4), α(x5)} = {α(x1), α(x2), {x3, x4, x5}}
+ (−1)|x1|(|x2|+|x3|){α(x2), α(x3), {x1, x4, x5}}
+ (−1)|x3|(|x1|+|x2|){α(x3), α(x1), {x2, x4, x5}}, (30)
where x, y, z, xi ∈ H(A), 1 ≤ i ≤ 5 and [·, ·, ·]C is called 3-supercommutator and defined by
∀x, y, z ∈ H(A) :
[x, y, z]C = {x, y, z}+ (−1)
|x|(|y|+|z|){y, z, x}+ (−1)|z|(|x|+|y|){z, x, y}. (31)
Proposition 4.6. Let (A, {·, ·, ·}, α) be a 3-Hom-pre-Lie superalgebra. Then the induced
3-supercommutator in (31) and the linear map α define a 3-Hom-Lie superalgebra on A.
Proof. By (28), the induced 3-supercommutator [·, ·, ·]C in (31) is super-skew-symmetric.
For x1, x2, x3, x4, x5 ∈ H(A),
[α(x1), α(x2), [x3, x4, x5]C ]C − [[x1, x2, x3]C , α(x4), α(x5)]C
− (−1)|x3|(|x1|+|x2|)[α(x3), [x1, x2, x4]C , α(x5)]C
− (−1)(|x1|+|x2|)(|x3|+|x4|)[α(x3), α(x4), [x1, x2, x5]C ]C
= {α(x1), α(x2), {x3, x4, x5}}+ (−1)
|x3|(|x4|+|x5|){α(x1), α(x2), {x4, x5, x3}}
+ (−1)|x5|(|x3|+|x4|){α(x1), α(x2), {x5, x3, x4}}
+ (−1)|x1|(|x2|+|x3|+|x4|+|x5|){α(x2), [x3, x4, x5]C , α(x1)}
+ (−1)(|x1|+|x2|)(|x3|+|x4|+|x5|){[x3, x4, x5]C , α(x1), α(x2)}
− {[x1, x2, x3]C , α(x4), α(x5)}
− (−1)(|x1|+|x2|+|x3|)(|x4|+|x5|){α(x4), α(x5), {x1, x2, x3}}
− (−1)(|x1|+|x2|)(|x3|+|x4|+|x5|)(−1)|x1|(|x2|+|x3|){α(x4), α(x5), {x2, x3, x1}}
− (−1)(|x1|+|x2|)(|x3|+|x4|+|x5|)(−1)|x3|(|x1|+|x2|){α(x4), α(x5), {x3, x1, x2}}
− (−1)|x5|(|x1|+|x2|+|x3|+|x4|+|x5|){α(x5), [x1, x2, x3]C , α(x4)}
− (−1)|x3|(|x1|+|x2|){α(x3), [x1, x2, x4]C , α(x5)}
− (−1)|x3|(|x4|+|x5|){[x1, x2, x4]C , α(x5), α(x3)}
− (−1)|x5|(|x1|+ |x2|+ |x3|+ |x4|)(−1)
|x3|(|x1|+|x2|){α(x5), α(x3), {x1, x2, x4}}
− (−1)|x5|(|x1|+|x2|+|x3|+|x4|)(−1)|x1|(|x2|+|x4|)+|x3|(|x1|+|x2|){α(x5), α(x3), {x2, x4, x1}}
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− (−1)|x5|(|x1|+|x2|+|x3|+|x4|)(−1)|x4|(|x1|+|x2|)+|x3|(|x1|+|x2|){α(x5), α(x3), {x4, x1, x2}}
− (−1)|x3|(|x4|+|x5|)+|x4|(|x1|+|x2|){α(x4), [x1, x2, x5]C , α(x3)}
− (−1)|x5|(|x3|+|x4|){[x1, x2, x5]C , α(x3), α(x4)}
− (−1)(|x1|+|x2|)(|x3|+|x4|){α(x3), α(x4), {x1, x2, x5}}
− (−1)(|x1|+|x2|)(|x3|+|x4|+|x5|){α(x3), α(x4), {x5, x1, x2}}
− (−1)|x1|(|x2|+|x5|)(−1)(|x1|+|x2|)(|x3|+|x4|){α(x3), α(x4), {x2, x5, x1}} = 0.
when applying identities (29) and (30). Thus the proof is completed.
Definition 4.7. Let (A, {·, ·, ·}, α) be a 3-Hom-pre-Lie superalgebra. The 3-Hom-Lie su-
peralgebra (A, [·, ·, ·]C, α) is called the sub-adjacent 3-Hom-Lie superalgebra of (A, {·, ·, ·}, α)
and (A, {·, ·, ·}, α) is called a compatible 3-Hom-pre-Lie superalgebra of the 3-Hom-Lie super-
algebra (A, [·, ·, ·]C, α).
New identities of 3-pre-Hom-Lie superalgebras can be derived from Proposition 4.6.
Corollary 4.8. Let (A, {·, ·, ·}, α) be a 3-Hom-pre-Lie algebra. The following identities hold:
{[x1, x2, x3]C , α(x4), α(x5)} − (−1)
|x3||x4|{[x1, x2, x4]C , α(x3), α(x5)}
+ (−1)|x2|(|x3|+|x4|){[x1, x3, x4]C , α(x2), α(x5)}
− (−1)|x1|(|x2|+|x3|+|x4|){[x2, x3, x4]C , α(x1), α(x5)} = 0,
{α(x1), α(x2), {x3, x4, x5}}+ (−1)
(|x1|+|x2|)(|x3|+|x4|){α(x3), α(x4), {x1, x2, x5}}
+ (−1)|x1|(|x2|+|x3|+|x4|)+|x3||x4|{α(x2), α(x4), {x3, x1, x5}}
+ (−1)|x3|(|x1|+|x2|){α(x3), α(x1), {x2, x4, x5}}
+ (−1)|x1|(|x2|+|x3|){α(x2), α(x3), {x1, x4, x5}}
+ (−1)|x4|(|x2|+|x3|){α(x1), α(x4), {x2, x3, x5}} = 0,
for xi ∈ H(A), 1 ≤ i ≤ 5.
Proposition 4.9. Let (A, [·, ·, ·], α) be a 3-Hom-Lie superalgebra and R : A → A is an
operator Rota-baxter of weight 0. Then there exists a 3-Hom-pre-Lie superalgebra structure
on A given by
{x, y, z} = [R(x), R(y), z], ∀ x, y, z ∈ H(A). (32)
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Proof. Let x, y, z ∈ H(A). It is obvious that
{x, y, z} = [R(x), R(y), z] = −(−1)|x||y|[R(y), R(x), z] = −(−1)|x||y|{y, x, z}.
Furthermore, the following equation holds:
[x, y, z]C = [R(x), R(y), z] + (−1)
|z|(|x|+|y|)[R(z), R(x), y] + (−1)|x|(|y|+|z|)[R(y), R(z), x].
Since R is a Rota-Baxter operator, we have
R([x, y, z]C) = [R(x), R(y), R(z)].
For x1, x2, x3, x4, x5 ∈ H(A),
{α(x1), α(x2), {x3, x4, x5}} =[R(α(x1)), R(α(x2)), [R(x3), R(x4), x5]]
=[α(R(x1)), α(R(x2)), [R(x3), R(x4), x5]];
{[x1, x2, x3]C , α(x4), α(x5)} =[R([x1, x2, x3]C), R(α(x4)), α(x5)]
=[[R(x1), R(x2), R(x3)], α(R(x4)), α(x5)];
{α(x3), [x1, x2, x4]C , x5} =[R(α(x3)), R([x1, x2, x4]C), α(x5)]
=[α(R(x3)), [R(x1), R(x2), R(x4)], α(x5)];
{α(x3), α(x4), {x1, x2, x5}} =[R(α(x3)), R(α(x4)), [R(x1), R(x2), x5]]
=α(R(x3)), α(R(x4)), [R(x1), R(x2), x5]].
By Condition (8), (29) holds. On the other hand, we have
{[x1, x2, x3]C , α(x4), α(x5)} =[R([x1, x2, x3]C), R(α(x4)), α(x5)]
=[[R(x1), R(x2), R(x3)], α(R(x4)), α(x5)];
{α(x1), α(x2), {x3, x4, x5}} =[R(α(x1)), R(α(x2)), [R(x3), R(x4), x5]]
=[α(R(x1)), α(R(x2)), [R(x3), R(x4), x5];
{α(x2), α(x3), {x1, x4, x5}} =[R(α(x2)), R(α(x3)), [R(x1), R(x4), x5]]
=[α(R(x2)), α(R(x3)), [R(x1), R(x4), x5];
{α(x3), α(x1), {x2, x4, x5}} =[R(α(x3)), R(α(x1)), [R(x2), R(x4), x5]]
=[α(R(x3)), α(R(x1)), [R(x2), R(x4), x5]].
By super-Nambu identity, (30) holds. This completes the proof.
Corollary 4.10. With the above conditions, (A, [·, ·, ·]C, α) is a 3-Hom-Lie superalgebra as
the sub-adjacent 3-Hom-Lie superalgebra of the 3-Hom-pre-Lie superalgebra given in Propo-
sition 4.9, and R is a 3-Hom-Lie superalgebra morphism from (A, [·, ·, ·]C, α) to (A, [·, ·, ·], α).
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Furthermore, R(A) = {R(x)|x ∈ A} ⊂ A is a 3-Hom-Lie super-subalgebra of A and there is
an induced 3-Hom-pre-Lie superalgebra structure ({·, ·, ·}R(A), α) on R(A) given by
{R(x), R(y), R(z)}R(A) := R({x, y, z}), ∀x, y, z ∈ H(A). (33)
Proposition 4.11. Let (A, [·, ·, ·], α) be a 3-Hom-Lie superalgebra. Then there exists a com-
patible 3-Hom-pre-Lie superalgebra if and only if there exists an invertible Rota-Baxter op-
erator R on A.
Proof. Let R be an invertible Rota-Baxter operator of A. Then there exists a 3-Hom-pre-Lie
superalgebra structure ({x, y, z}, α) on A defined by
{x, y, z} = ad(R(x),R(y))(z), ∀x, y, z ∈ H(A).
Moreover, there is an induced 3-Hom-pre-Lie superalgebra structure ({·, ·, ·}A, α) on A =
R(A) given by
{x, y, z}A = R{R
−1(x), R−1(y), R−1(z)} = R(ad(x,y)(R
−1(z)))
for all x, y, z ∈ H(A). Since R is an operator Rota-Baxter on A, we have
[x, y, z] = R
(
[x, y, R−1(z)] + [x,R−1(y), z] + [R−1(x), y, z]
)
= R
(
ad(x,y)(R
−1(z)) + (−1)|z|(|x|+|y|)ad(z,x)(R
−1(y)) + (−1)|x|(|y|+|z|)ad(y,z)(R
−1(x))
)
= {x, y, z}A + (−1)
|z|(|x|+|y|){z, x, y}A + (−1)
|x|(|y|+|z|){y, z, x}A
Therefore (A, {·, ·, ·}A, α) is a compatible 3-Hom-pre-Lie superalgebra of (A, [·, ·, ·]).
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